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Abstract. In this paper, we consider the question of the global well-posedness and 
scattering for the cubic Klein-Gordon equation utt — Au + u + \u\ 2 u = in dimension 
d 5. We show that if the solution u is apriorily bounded in the critical Sobolev 
space, that is, (u,u t ) G Lf (I; H°° (R d ) x H^- 1 (R d )) with s c := f - 1 > 1, then 
u is global and scatters. The impetus to consider this problem stems from a series 
of recent works for the energy-supercritical nonlinear wave equation and nonlinear 
Schrodinger equation. However, the scaling invariance is broken in the Klein-Gordon 
equation. We will utilize the concentration compactness ideas to show that the proof 
of the global well-posedness and scattering is reduced to disprove the existence of the 
scenario: soliton-like solutions. And such solutions are precluded by making use of 
the Morawetz inequality, finite speed of propagation and concentration of potential 
energy. 
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1. Introduction 

This paper is devoted to the study of the Cauchy problem of the cubic Klein-Gordon 
equation 



(1.1) 



u - Au + u + f(u) = 0, (t, x) € R x R d , d > 5, 
(u(0,x), u t (0,x)) = (u (x), u^x)) G H a °(R d ) x H 3 -" 1 ^), 



where f(u) = \u\ 2 u, u is a real-valued function defined in the dot denotes the 

time derivative, A is the Laplacian in M. d , s c := ^ — 1. 
Formally, the solution u of (jl.ip conserves the energy 

E(u(t),u(t)) =- I (\ii(t,x)\ 2 + \X7u(t,x)\ 2 + \u(t,x)\ 2 )dx + - [ \u\ A dx 

=E{u Q ,ui). 
The class of solutions to wave equation 

u — Au + \u\ 2 u = 

is left invariant by the scaling 

(1.2) u(t, x) ^ A u(X t, A x), V A > 0. 

Moreover, it leaves the Sobolev norm H 3c (M> d ) with s c = | — 1 invariant. Since s c > 1, 
it is called the energy-supercritical. 
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The scattering theory for the Klein-Gordon equation with f(u) = n\u\ p u has been 
intensively studied in [31[ll[l2l[IH[26l[27] • For fx = 1 and 

4 4 P' 3 ^^ 9; 

(1-3) l + -<p<l+ ld ——, ld ={ d ,^ in 

a a - 2 , d ^ 10. 

I d+ 1 

Brenner [3] established the scattering results in the energy space H^(M. d ) x l? x { 
which does not contain all subcritical cases for d ^ 10. Thereafter, Ginibre and Velo 
exploited the Birman-Solomjak space £ m (L q , I , B) in [2] and the delicate estimates to 
improve the results in [JJ, which covered all subcritical cases. Finally K. Nakanishi [26] 
obtained the scattering results for the critical case (p = 1 + -j—n) by the strategy of 
induction on energy [U] and a new Morawetz-type estimate. And recently, S. Ibrahim, 
N. Masmoudi and K. Nakanishi [141115] utilized the concentration compactness ideas 
to give the scattering threshold for the focusing (/i = —1) nonlinear Klein-Gordon 
equation. Their method also works for the defocusing case. 

In this paper, we consider the cubic Klein-Gordon equation in dimension d ^ 5, 
which is the energy-supercritical case. Such results have been recently established for 
many other equations including the nonlinear wave equation (NLW) and the nonlinear 
Schrodinger equation (NLS), since Kenig- Merle |18] on NLW for radial solutions in Rl 3 . 
We also refer to [MldnillHfc] . 

To be more precise, let us recall the results for the energy-supercritical nonlinear 
wave equation 

i 4 

u - An + \u\ p u = 0, (t, x) G R x R d , p> - — -. 

In dimension three, Kenig and Merle [18] proved that if the radial solution u is apriorily 
bounded in the critical Sobolev space, that is, (u,ut) € L^(I;H^(R d ) x H"| c-1 (K d )) 
with s c := | — | > 1, then u is global and scatters. In [19], they also considered the 



radial solutions in odd dimensions. Later, Killip and Visan [21] showed the result in Br 
for the non-radial solutions by making use of Huygens principal and so called "localized 
double Duhamel trick". Further, they [22] proved the radial solution in all dimensions 
in some ranges of p. Thereafter, Bulut [5HZ] proved the results in dimensions d ^ 5 for 
the cubic nonlinearity (i.e. p = 2). Recently, Duyckaerts, Kenig and Merle [10] obtain 
such result for the focusing wave equation with radial solution in three dimension. 
Their proof relies on the compactness/rigidity method, pointwise estimates on compact 
solutions obtained in [18], and channels of energy arguments used by the authors in 
previous works [11] on the energy-critical equation. 

Before stating the main result, we introduce some background materials. 

Definition 1.1 (solution). A function u : I x M. d — > Pi on a nonempty time interval 
I containing zero is a strong solution to (jl.ip if (u,u t ) € C t °( J; H^ c (R d ) x ff| c_1 (M d )) 
and u G [W](J) (defined in (|1.8|> ) for any compact interval J C I and for each t E I, 
it obeys the Duhamel formula: 



Hf. c xHf. 



as t — > ±00. 
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where 

VM*)=(*?K?f), Kit) = . = (1-A)" 2 . 

w \K{t),K(t)J' w w ' v ; 

PFe refer to the interval I as the lifespan of u. We say that u is a maximal-lifespan 

solution if the solution cannot be extended to any strictly larger interval. We say that 

u is a global solution if I = R. 

The solution lies in the space [W](7) locally in time is natural since by Strichartz 
estimate, the linear flow always lies in this space. Also, if a solution u to (jl.ip is global, 
with ||w||vy(R) < +00, then it scatters in both time directions in the sense that there 
exist solutions v± of the free Klein-Gordon equation 

(1.5) v-Av + v = 
with (u±(0),u±(0)) 6 H^(R d ) x H^. c ' 1 (R d ) such that 

(1.6) \\(u(t),u(t)) - {v±(t),v±(t)) 
In view of this, we define 

(1.7) Si(u) = |M|py](/) 

as the scattering size of u, where 

2(d+l) d_ 3 

(1-8) [W}(I) = L/-i (l;B 2 ? d+1 (R d )). 

d-i ' z 

Closely associated with the notion of scattering is the notion of blowup: 

Definition 1.2 (Blowup). Let u : I x Mr — )• C be a maximal-lifespan solution to 
(|l.ip . If there exists a time to € I such that St to ^ supI ^(u) = +oo, then we say that the 
solution u blows up forward in time. Similarly, if there exists a time to € I such that 
S(inf i, t ] ( u ) = then we say that u(t,x) blows up backward in time. 

Now we state our main result. 

Theorem 1.1. Assume that d ^ 5, and s c := | — 1. Let u : I x ~R d R be a 
maximal-lifespan solution to (jl.ip such that 

(1-9) ||(U, Ut)\\ L oc^. H 8 c(Rd ^ xH S c -l^ d ^ < +OO. 

Then the solution u is global and scatters. 

The outline of the proof of Theorem ll.lt For any ^ Eq < +00, we define 
L(Eo) := sup I Si(u) : u : I x M. d — > R such that sup || (u, u t )||lL c xH s c -i ^ Eq >, 

where the supremum is taken over all solutions u : I x R rf — > R to (jl.ip satisfying 
|| (u, u t)\\ H s cxH s c -i ^ Eq. Thus, L : [0, +00) — > [0, +00) is a non-decreasing function. 
Moreover, from the small data theory, see Theorem 12. 1\ we know that 

L(E )<eI for E ^ V l 
where 770 = v(d) is the threshold from the small data theory. 
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From the stability theory (see Theorem 12 .5p . we see that L is continuous. Therefore, 
there must exist a unique critical E c G (0, +00] such that L{Eq) < +00 for Eq < E c 

and L(Eq) = +00 for Eq ^ E c . In particular, if u : I x IR^ — > K is a maximal-lifespan 

.. 1 1 2 

solution to (jl.ip such that sup || (u, ut)\\ Hat . Hac -x < E c , then u is global and moreover, 

tei 

Sr(u) < i(||(«,«t)||l r(KiH . exH . e -i ) )- 

The proof of Theorem 11.11 is equivalent to show E c = +00. We argue by contradiction. 
We show that if E c < +00, then there exists a nonlinear global solution of (jl.ip with 
L^°(IR; if| c x _£fJ c_1 )-norm be exactly E c . Moreover, this solution satisfies some strong 
compactness properties. This is completed in Section 4 where we utilize the profile 
decomposition that was established in Ibrahim, Masmoudi and Nakanishi [T5j, and a 
strategy introduced by Kenig and Merle [T7]- Finally, we utilize the finiteness of the 
energy to show that the solutions obtained in Section 4 are not possible. More precisely, 
by Morawetz inequality 

(1.10) [ T I Ht : X ^ dxdt < E{u, u t ), 

JO JR d \ x \ 

we know that the left-hand side of (|1.10p is bounded by the energy for any T > 0. 
On the other hand, notice that by finite speed of propagation and concentration of 
potential energy, the left-hand side of (jl.lOp should grow logarithmical in time T. This 
gives a contradiction by choosing T sufficiently large. 

The paper is organized as follows. In Section 2, we deal with the local theory for 
the equation (jl.ip . In Section 3, we give the linear and nonlinear profile decomposition 
and show some properties of the profile. Thereafter, we extract a critical solution in 
Section 4. Finally in Section 5, we preclude the critical solution, which completes the 
proof of Theorem II. H 

We conclude the introduction by giving some notations which will be used throughout 
this paper. We always assume the spatial dimension d ^ 5 and f(u) = \u\ 2 u. For any 
r, 1 ^ r ^ 00, we denote by || • || r the norm in L r = L r (M. d ) and by r' the conjugate 
exponent defined by £ + h = 1. For any s € M, we denote by H s (R. d ) the usual Sobolev 
space. Let tp € S{R d ) be such that supp $ C : \ < |£[ 2} and Y.j& ${ 2 ~~ j = 1 
for £ ^ 0. Define Vo by ^ = 1 - £j>i^( 2-i £)- Th us supp ^ Q {£ ■ \Z\ < 2} and 
ipo = 1 for |£| ^ 1. We denote by Aj and Vo the convolution operators whose symbols 
are respectively given by i/j(^/2 :) ) and ipo(£). For s£R, l^r^Coo, the Besov spaces 
B s r 2 (R d ) and B^ 2 (R d ) are defined by 

B s r2 (R d ) =iu G S'(R d ), \\V u\\lr + ||2 J ' S || A jU \\ L r \\ 2 [2 ^ < 00 1 

B s rt2 {M. d ) =lu G S' h (R d ), p^WAjuUrWl^ < oo j. 

For details of Besov space, we refer to [TJ. For any interval Jcl and any Banach space 
X we denote by C(I; X) the space of strongly continuous functions from I to X and by 
L g (I; X) the space of strongly measurable functions from I to X with ||it(-);X|| G L q {I). 
We denote by (-, •) the scalar product in L 2 . 
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2. Preliminaries 

2.1. Strichartz estimate and local theory. In this section, we consider the Cauchy 
problem for the equation (jl.ip 



(2.1) 



( u - Au + u + f(u) = 0, 
| u(0) = uq, u(0) = U\. 

The integral equation for the Cauchy problem (|2.ip can be written as 



(2.2) 
or 

(2.3) 
where 



u(t) = K{t)u Q + K{t) Ul - \ K(t- s)f(u(s))ds, 
u(t) 



K(t) 



u(t) 
sin(tuj 



V (t) 



Uq(x) 



V (t) 



V (t - s) 
K(t),K(t)\ 

K{t),k{t)r 





/(«(*)) 



ds, 



id 



T-A 



1/2 



Let U(t) = e ttuJ , then 



U(t) + U(-t) 



K{t) 



U(t) - U{-t) 



2 w 2ioj 

Now we recall the following dispersive estimate for the operator U(t) = e ltuJ . 

Lemma 2.1 ( glUSj). Ze£ 2 < r < oo and < < 1. Then 



B 



-(d+l+S)(£— 1 



)/2 ^ /^(*)||/|| I)/2) 



where 



[i(t) = C min < |t 



; |°| 



According to the above lemma, the abstract duality and interpolation argument (see 
13] . |16j). we have the following Strichartz estimates. 



Lemma 2.2 ( [3|I12U23U24] ). Let < 0; < 1, pi G 2 < r, < +oo, i = 1, 2. Assume 
that (9i,d,qi,ri) ^ (0, 3, 2, +oo) satisfy the following admissible conditions 



OsC -^min{(d-l + ei)(---),l}, i = l,2 

1 



(2.4) 



+ + 

p 2 + (d + # 2 ; 



i i 

2~n 

1 l 

2 ~ V 2 



1 

92 



Then, for g G H£(M. d ), we /iawe 
(2.5) 

(2.6) \\K R *f 



\H-H Ln (u.,Bn\^C\\g\\ H ,; 



L«l U 
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where the subscript R stands for retarded, and 



K R *f= f K(t-s)f(u(s))ds. 
Jo 



Now it is useful to define several spaces and give estimates of the nonlinearities in 
terms of these spaces. Define 

ST(I) = [W](I), 

where 

2(d+l) d -3 

[W](I) = L t d ^ (I-B 2 * d+ 1)9 (K d )). 

d-i ' A 

In addition to the ST-norm, we also need the corresponding dual norm 

2(d+l) d-3 

[W]*(I) = L t ^ {l;B 2 * d+ (R rf )). 

d+3 ' Z 

Then we have by Strichartz estimate 

ll U ll[W](7) + \\( UjUt }\\ (I;H° C xH^' 1 ) 

( 2 - 7 ) ^W^O'^Wh^xH^ 1 + C \U( u n\[w]*(i)®Ll(i-,B^y 1 {M'i)y 

where the time interval I contains zero. 

Lemma 2.3 (Product rule [3(28]). Let s ^ 0, and 1 < r,pj,qj < +oo be such that 
- = — + — (i = 1,2). Then, we have 

™ Pi Hi 

l|l V | a (^)||x,r( R d) ^ II/IIl^R^IIM^IL^IR^) + Hl V | S /|lLP2 {Rd) ||5llL« 2 (Rd)- 

As a direct consequence, we have the following nonlinear estimate. 
Lemma 2.4 (Nonlinear estimate). Let L be a time slab, one has 

\\ u2v \\[w]*{i) 

^ | 2 d-3 2 d-3 4 2(d-3) 

(2-8) ~ll u ll[^V)ll u llL t ~Wll u llwV)ll u llLf°W + IHI[w](/)IMI[V](/)IML^ib c ' 



c 



Proof. It follows from the above product rule and Sobolev embedding: min | p 2 } (^ d ) 
F^ 2 (R d ) = Wx P (M d ) C ^ max{Pj2} (K d ) that 

(2.9) £ IMI[iv](/)IMIl£ 1 IIHL& 1 + 

Using Holder's inequality and Sobolev embedding, we obtain 

2 d-3 

H^H^d+l 2(d+l) 2d(d+l) \\ U \ \ T,°°T,d 

t > x T d-1 t d+3 t x 

2 d-3 
<|| ? ,|| d - 1 lUM" 1 

Plugging this into flZSD , we get ([23]) . □ 
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We can now state the local well-posedness for (jl.ip with large initial data and small 
data scattering in the space H Sc (R d ) x H Sc ~ 1 (R d ), which is the first step to obtain the 
global time-space estimate and then lead to the scattering. 

Theorem 2.1 (Local wellposedness). Assume (u ,ui) £ H* c (R d ) x H^. c ~ 1 (R d ). There 
exists a small constant 5 = 5(E) such that if \\(uq, ui)\\jjs cxH s c -i ^ E and I is an time 
interval containing zero such that 

(2.10) \\k(t)uo + K(t) Ul \\ [wm <<5, 

then there exists a unique strong solution u to (jl.ip in I x R d , with u £ C(I; (R d )) n 
C 1 (I;H^- 1 (R d )) and 

(2.11) ^ 2(5, Ut)\\Lf°(I;H=oxH s o-i) < 2CE, 

where C is the Strichartz constant as in Lemma \2.2\ 

In particular, if \\(uq, ui)\\fjs CX fj Sc -i ^ 5, then the solution u is global and scatters. 

Proof. We apply the Banach fixed point argument to prove this lemma. First we define 
the solution map 

(2.12) <f>(u(t))=k(t)u + K(t)u 1 - [ K(t-s)f(u(s))ds 

Jo 

on the complete metric space B 

B = {ue C(I;H S <) : || («, t*t)|Loo (J .^ CXjff ^-i) < 2CE, \\u\\ [w]{1) < 2<5} 

with the metric d(u, v) = \\u - v\\^ w ^ nL ^ H s c . 

It suffices to prove that the operator defined by the RHS of ()2.12p is a contraction 
map on B for /. If u € B, then by Strichartz estimate (j2.T|) . (j2.8|) and ()2.10p . we have 

IN u )II[vk](/) ^ll-^ftH + «"(t)«i|| w(J) + c|h 3 || [iy] * (/) 

U 4_ 2(d-3) 

Plugging the assumption ||ii||L°°(/ ; .H-s c ) ^ 2CE and IHIpyim ^ 2(5, we see that for 
u £ B, 

\\^( u )\\[w](i) <<* + C(2S) 1+ ^ (2CE) ^ . 
Thus we can choose <5 small depending on E and the Strichartz constant C such that 

\M u )\\[WKi)^ 2d - 

Similarly, if u £ B, then || ($(tt), <9 t $(u)) || LOO(J . H , c xH . c -i) < 2CE - Hence G B for 
u £ B. That is, the functional <3? maps the set B back to itself. 

On the other hand, by a same argument as before and Lemma \2A\ we have for 
u, v £ B, 

d($(u)Mv)) <C\\u 3 -v 3 \\ mi) 

2 2(d-2) 

<16C||« - v\\ [w] ( I)nL oo HSc || («,«) ll^ 1 ^) ||('"> v )||[^y(/)nL-^c 
^16C(4<5) ^ (4C^ + 2 <5) ^r 1 ^ w ) 
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which allows us to derive 



d(*(u),*(«)) ^ -d(u,v) 



by taking 5 small such that 



2 2(d-2) 1 

16C(4S)d=^(4:CE + 2S) <i-i < -. 

A standard fixed point argument gives a unique solution u of (jl.ip on / x R d which 
satisfies the bound (|2.1ip . □ 

Using Theorem 12.11 as well as its proof, one easily derives the following local theory 
for (jl.ip . We omit the standard detail here. 



Theorem 2.2. Assume that d ^ 5, s c = | — 1. Then, given (uo,u\) G H s 
// Sc ~ 1 (M d ) and to G M ; t/iere exists a unique maximal-lifespan solution u : I x M. d — > R 
to (jl.ip w'i/i initial data (u(to) , ut(to)) = (^Oj'Ui)- T/iis solution also has the following 
properties: 

(1) (Local existence) I is an open neighborhood of to. 

(2) (Blowup criterion) If sup(I) is finite, then u blows up forward in time (in the 
sense of Definition ] 1.3(1 . 7/inf(/) is finite, then u blows up backward in time. 

(3) (Scattering) If sup(/) = +oo and u does not blow up forward in time, then 
u scatters forward in time in the sense (|1.6p . Conversely, given (v + ,v + ) G 
H Sc (R d ) x H B °- 1 (R d ) there is a unique solution to (jl.ip in a neighborhood of 
infinity so that (jl.6p holds. 



2.2. Perturbation lemma. In this part, we give the perturbation theory of the solu- 
tion of (jl.ip with the global space-time estimate. 

With any real- valued function u(t,x), we associate the complex- valued function 
u(t, x) by 

(2.13) u = (V)* c_1 ((V}u-iu), u = $l{V)- Sc u, 

where $lz denotes the real part of z G C. Then the free and nonlinear Klein-Gordon 
equations are given by 



(2.14) 



(□ + l) u = ► (id t + <V»tt = 0, 

(□ + i) u = -f(u) ^ [id t + (V))u = -(V) Sc - 1 /((V)- Sc 3?u), 



Lemma 2.5. Let I be a time interval, to £ I and u,w G C(/;L 2 (R rf )) satisfy 

(id t + <V»tZ = - (V)-"- 1 [/(«) + eg(«)] 
(*$ + (V))tf = - (V)^" 1 [f(w) + eg(«;)] 

/or some function eq(u), eq(w). Assume that for some constants M, E > 0, we have 

(2.15) \\ w \\st{i) < M > 

( 2 - 16 ) IKIL t °°Ll(7xR d ) + IML°°L|(/xR d ) ^ ^> 

Let to ^ an( ^ let ( u (~to)i u t(to)) be close to (w(to),wt(to)) in the sense that 
(2.17) IN| ST(/) < e, 



SCATTERING THEORY FOR ENERGY-SUPERCRITICAL KLEIN-GORDON EQUATION 9 

where 70 = e l ^'^~ to '(u — w)(to) and < e < e\ = e\(M,E) is a small constant. 
Assume also that we have smallness conditions 

(2.18) \\{eq(u),eq(w))\\ ST , {I) ^ e, 
where e is as above and 

ST* (I) = [W]*(I)®L 1 t (I;B^ 1 (R d )). 

Then we conclude that 

llii-wll , ^C(M,E)e, 

(2.19) , {) 

\\u\\ ST(I) ^C(M,E). 

Proof. Since ||w|Ist(/) ^ M, there exists a partition of the right half of / at to: 

t < t\ < ■ ■ ■ < t N , ij = (tj,t j+ i), I n (t , 00) = (t ,t N ), 

such that ./V ^ C(L, <5) and for any j = 0, 1, • • • , N — 1, we have 

(2.20) ||Hlsr(i,) < 5 « 1. 

The estimate on the left half of / at to is analogue, we omit it. 
Let 

(2.21) 7 (t) = u(t) - w(t), 7,(t) = e^-^jitj), ^ j ^ N - 1, 
then 7 satisfies the following difference equation 

Uid t + (V))7 = -(V) Sc - 1 ([ 7 ( 7 2 + 3 7 o; + 3w 2 )] + eq{u) - eq{w] 
which implies that 



7*(t) +i / e i ^( i - s ){(V) Sc - 1 ([ 7 (7 2 + 37W + 36 J 2 )] + eq(u) - eq(w)^}ds, 

Jtj 

7 i+ i(t) =7j(t) + i [ h+1 e i < V >( t - s ){(V) Sc - 1 ([ 7 (7 2 + 3 7 ^ + 3^ 2 )] + eq(u) - eq(w)) }ds. 



By Strichartz estimate (j2.7|) and nonlinear estimate (j2.8j) . we have 
(2.22) || 7 - JjWsT^) + ~ 7jllsT(R) 

<||7 3 + 37 2 w + 37W 2 || [iy] , (/j) + \\(eq(u),eq(w))\\ STt[I ^ 

1 . 4 2(d-3) 4 2(d-3) 

<|l_.ll d— 1 ll-.ll d-1 1 II,. II || II rf — 1 ||„,|| d-1 



4 2(d-3) 

+ IItIIst^oII^IIstUoI^IIl^c + I|M«W™))IIst*(/,o- 

Therefore, assuming that 

(2-23) ||7llsr(ya«l, V i = 0, 1, • • • ,JV - 1, 

then by (|2T2T)j) and (|2T2"2"j) . we have 

( 2 - 24 ) IMIsTft) + ||7i+i||sr(t i+ i,t w ) < C r ||7jl|flT(t j ,t w ) + e > 
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for some absolute constant C > 0. By (|2.17p and iteration on j, we obtain 



5 



(2-25) WlWsT(l) < (2Cfe^ ^ 

provided we choose e± sufficiently small. Hence the assumption (|2.23p is justified by 
continuity in t and induction on j. Then repeating the estimate (|2.22|) once again, we 
can get the ST-norm estimate on 7, which implies the Strichartz estimates on u. □ 

3. Profile decomposition 

In this section, we first recall the linear profile decomposition of the sequence of 
L^-bounded solutions of (idt + (V))v = which was established in [2]. And then we 
show the nonlinear profile decomposition which will be used to construct the critical 
element and obtain its compactness properties in the next section. 

3.1. Linear profile decomposition. First, we give some notation. For any triple 
{tn,x J n ,hn) G R x R d x (0,1] with arbitrary suffix n and j, let T n , Tn, and (V)n 
respectively denote the scaled time shift, the unitary and the self-adjoint operators in 
L 2 (R d ), defined by 

(3-1) 4 = - A T>(z) = (^)-f^(^-^), = V-A + W- 

tin tl n 

Now we can state the linear profile decomposition as follows 
Lemma 3.1 (Linear profile decomposition, [H]). Let v n (t) = e t ^ t v n {ti) be a sequence 



of free Klein-Gordon solutions with uniformly bounded L 2 (M. d ) -norm. Then after re- 
placing it with some subsequence, there exist K G {0, 1,2..., oo} and, for each integer 
j G [0, K), (pi G L 2 (M d ) and {(t J n , xi, hi)} n en C R x R d x (0, 1] satisfying the following. 
Define v%, and Co^ for each j < k ^ K by 

fc-i 

(3.2) v n (t,x) = J2^n{t^) + u^(t,x), 

3=0 



where 



j t-t 



(3.3) vi(t,x) = e^Kt-ti)T^(x) = U ip>), 
then we have 

(3.4) lim lim _d = 0, 

k-¥K n->oo "^(RjBoof 

and for any I < j < k ^ K and any t G R, 



(3.5) lim {nv n , nv> n ) jo = = lim (fiv J n , fiuj n 



fe\2 



LV 



(3.6) lim 



n—s-oo 



hi 



lr> 



h j 
'in 



hi 



■t-3 -t-k I i I n J r^k I 



+ sir 



where fj> G A4C and is defined to be 

MC = {n = T^fiTl fi G C(R d ), 3 lim fl(x) G r). 
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Moreover, each sequence {/injneN is either going to or identically 1 for all n. 

Remark 3.1. We call {vn} n eN o, free concentrating wave for each j, and w\ the re- 
mainder. From (j3.5[) . we have the following asymptotic orthogonality 

k-l 

(3.7) lim lim (\\Mt)\\h ~ E W^n^Wh ~ W^nWWh) = 0- 

fc— >K n— >+co \ * — • / 

We remark the following estimates for 1 < p < oo, 

(3-8) [|V| - (V) n ]<p\\ p <h n \\{V/h n )-\\\ p , 

hold uniformly for < h n ^ 1, by Mihlin's theorem on Fourier multipliers. 

3.2. Nonlinear profile decomposition. After the linear profile decomposition of 
a sequence of initial data in the last subsection, we now show the nonlinear profile 
decomposition of a sequence of the solutions of (jl.ip with the same initial data in the 
space H s -(R d ) x H'"' 1 ^). 

First we construct a nonlinear profile associated with a free concentrating wave. Let 
v 3 n be a free concentrating wave for a sequence (t? n , x J n , h? n ) £ R x M. d x (0, 1], 



(3.9) 



(id t + (V))4 = o, 

vUtn) = T n tfP{x), p>{x) G L 2 (R d ). 



Then by Lemma [3. 11 for a sequence of free Klein-Gordon solutions {v n (t) = e lt ^ v n (0)} 
with uniformly bounded L^(M rf )-norm, we have a sequence of the free concentrating 
wave vi(t, x) with vt(f n ) = Tlip j , ip j € L 2 (R d ) for j = 0, 1, • • • , k - 1, such that 

fe-i 

j=0 
fe-1 

= ^e i < v )(*-«r^-(x)+^(t,x) 

j=0 
j=0 

Now for any free concentrating wave ^n, we undo the group action to look for the 
linear profile Vn- Let 

vt(t,x)=Tiv£((t-ti)/hi), 

then we have 

Vj(t,x) = e <t < v >V- 
Next let Si be the nonlinear solution with the same initial data Un(0) 

f (*$ + (v))4 = -(v) s -V(k(v)^4), 

[4(0)=4(0)=T^'(4), 



(3.10) 
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where T n = —t J n /h J n . In order to look for the nonlinear profile Uoo associated with the 
free concentrating wave Vn, we also need undo the group action. Define 

ip n (t,x)=Tiui{(t-ti)/hi), 

then U n satisfies the rescaled equation 

f {id t + (V%)ui = -(<V>i)' c -V(K(<V)i)-'°E7£), 

\ui{A) = vi{ri). 

Extracting a subsequence, we may assume that there exist hio & {0, 1} and t^, € 
[— oo, +oo] for every j, such that asn-> +oo 

K -> h ioi and 

Thus we have the limit equations as follows 

& = mwLj J>* + WL)uL = -((v)Ly^f(uL), 
^' \uL{tL) = vL{tL), 

where U&o is denoted to be 
(3.11) l\ : tff.V 'J 



^(V)- S ^UL if hL = 1, 
K|V|~ S ^4 if /lie = o. 



We remark that the unique existence of a local solution Ulo around t = tIq is known 
in all cases, including = and tIq = ±oo. We say that Ulo on the maximal 
existence interval is the nonlinear profile corresponding to the free concentrating wave 

(Vn 5 tn > %n j hn ) . 

The nonlinear concentrating wave ul n corresponding to v n is defined by 
(3-12) uj n) (t,x) :=r^((i-t£)//4). 

When /i^o = 1, solves (jl.ip . While ^ = 0, then it solves 



(3.13) 



(idt + (V))^ n) = ((V) - |V|)nJ n) - iVl—VdVl-^V)'^; 



u\ n) (Q) = TlUL{ri). 

(n) 

R(o) -^ n) (o)IUi = IIW(^) -r^4(r^)|| L1 



The existence time interval of vP, may be finite and even go to 0, however, we have 



(3 ' 14) - V^(ri)\\ L2 + \\V^{ri) - U^ n )\\ L2 -> 0, 

X X 

as n — > +oo. 

Let it n be a sequence of solutions of (jl.ip around f = 0, and let v n be the sequence of 
the free solutions with the same initial data. By Lemma I3.1L we have the linear profile 
decomposition for {v n } as follows 

fc-l 

3=0 
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Now we define the nonlinear profile decomposition as follows. 

Definition 3.1 (Nonlinear profile decomposition). Let {un} n eN be the free concentrat- 
ing wave, and {u^} n £N be the sequence of the nonlinear concentrating wave corre- 
sponding to {v 3 n}neN- Then we define the nonlinear profile decomposition of u n by 

fc-i fe-i 

(3.i5) ^Ei)^^^-^)' 

3=0 3=0 

We will show that + is a good approximation for u n provided that each 
nonlinear profile has finite global Strichartz norm. 

Next we define the Strichartz norms for the nonlinear profile decomposition. Recall 
that ST (I) and ST* (I) are the functions spaces on / x M. d defined as above 

ST(I) =[W)(I) = L^(I;B S ;-X M% 

d-i > z 

ST* (I) =[W}*(I)®L 1 t (I;B^ 1 (R d )). 
And the Strichartz norm for the nonlinear profile Ulo is defined by 

r st (i) if hL = h 

\m;Bj)( q = ^) if hl = o. 

The following two lemmas derive from Lemma [3. II and the perturbation lemma. The 
first lemma concerns the orthogonality in the Strichartz norms. 

Lemma 3.2. Assume that in (|3.15p . we have 

(3-i7) II^Hst4(k) + IPLh^Lum < +°°' v 5 < k - 

Then, for any finite interval I,j < k, one has 

(3-18) En ||«J n) || OT (J) < WuLWstLw 

k-l 

3=0 

where the implicit constants is independent of I and j . Furthermore, we have 



(3.16) ST^I) 



(3.20) lim 



= 0, 

ST* {I) 



where f{u) = \u\ 2 u. 

Proof. Proof of (1X181) : Case 1: hL = 1. 

It is easy to see that ifL% is just a sequence of space-time translations of Ulo in this 
case. And so (|3.18|) follows in this case. 
Case 2: hL = 0. 

We drop the superscript j in the following. Using the definition of U( n ) and Uqo, we 
derive 

u {n) (t,x) = ^ c T„|V| Sc (V)- Sc [/ 00 ((t-t n )//i rt ). 



11 
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By Sobolev embedding B® 2 Cl p with p ^ 2 in the lower frequencies and scaling, one 



2(d+l) 



has for s := s c - \ = p - d _ x , 

\\ U (n)\\ B s 2 -\hn)\\ LP + \\y S \\A jUin) \\ LP \\ l2 ^ 

|ll A j w (n)lML 2 + ||2 JS || Aj?/^) ||i,p|| z 2 

jez- 

2^||A i |vrwu (n) |L 

2^||A j |V| s - s (V)r Sc C/oc((i - t n )/h n )\\ LP 



< 



i 2 



I 2 

jez 



<K 2 p 



d\d_ 

'2^p 



<hn 

Therefore, we obtain by scaling 

II II </ S( 
lrWll[w](j) 



7?'\\^jU 00 {{t-t n )/K)\\ LP 
Uoo((t - t n )/h n 



i 2 

jez 



2 1 p 



\Uoo{{t-t ri )/h Tl 



\B 



~lr°°ILf(R;B| i2 ) 



isr K 



which concludes the proof of (|3.18|) . 

Proof of $n§\i : We estimate the left hand side of (^19]) by 

2 



<fe||2 

(n)llsr(/) 



E «(„)+ E 



< 



(n) 

i<fc:7ij =l j<fc:/»5o=0 
2 II 



CO 



ST(J) 



E U (n) 
j<k:h J oa =l 



ST (I) 



+ 



(n) 



j<k:h 3 oo =0 



2 

ST(/)' 



For the case /i£o = 1. Define C/^ R , tt| n fl and it^j R by 



where XR(t,x) = x(t/R,x/R) and x(i,x) € C, 
Then we have 



j<k 

is the cut-off defined by 



1, |(t,z)|<l, 
0, \(t,x)\^2. 



E < 



< 



J<fc:/iJo = l 



ST (I) 



2 

(n),R gj</jj / / (n) / / (n) 



j<fc:/i£o=l 



"(n) (n),i? 
j<k:h' rx =l j<k:h 3 ao =l 



2 

ST (I) ' 



On one hand, we know that 

E U (n) ~ E U (n),R 
j<fc:/iJo=l j<k:h' 00 =l 



ST {I) 



< E Ik 1 -^)^ 



j<k:hi x> =l 



0. 
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as R — » +00. On the other hand, by (|3.6p . the similar orthogonality and approximation 
analysis as in p3], we obtain 



lim \ 

n. — ^on ^ — ^ 



u: 



(n) 



ST(I) 



< lim II Yl 



(n) 



< lim > 

5T(/) n-voo — ' 

i<fc:hio=l 



(n) 



j<fc:fti =l 

and for the case h 3 oo = 

lim II u] s < lim 

n-»oo II ^— ' W ST(J) n->oo 

j<k:hia=0 j<fc:fejo=0 

Proof of (j3.20p : By the definition of u J , and f/^o, we know that 



ST(/) 



ST(7) 



uj n) (x,t) = 9?(V)-^nJ n) (t,x) = »(V)- s =T^i 



f - t 3 



( u.i \sc T j ( ( V )°° 



Let u^(t,x) = u J ^(x,t), where u^(x,t) is defined by 



j<k 



(V) 

(V) J oo 



Then we have 



fc-l 



3=0 



(V) J ooN^-l 



(V) 



:v)i 



l (n) 



ST* (I) 



i<fc 



ST* (I) 



+ ||E/Hn>)-Ev 

- /(«S)IIst.(d + ll/(«f»>) - E/H»>)IIst. w 

i<fc 



VI \Sc-l 



(V) 



(3.21) 

(3-22) +1 £ /(<))- £ 

j<k:hlo=0 J<fc:hJ o =0 

Using (|3.6p and the approximation argument in |14j . we get 

(pT2"TD -> 

as n — >• 00. In addition, by /i„ — > as n — >■ 00, one has 



/(<)) 



ST* (I) 



j<k:hlo=0 



< 



E 1 



VI \«c-i 



(V>£ 



ST* (I) 



ST* (I) 







j<k:hio=0 

as n —> 00. Hence we obtain (|3.20p . And so we complete the proof of this lemma. □ 
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With this preliminaries in hand, we now show that it^t is a good approximation 
for u n provided that each nonlinear profile has finite global Strichartz norm. 

Lemma 3.3. Assume that u n is a sequence of local solutions of (|l.ip around t = 
obeying lim II (u n ,u n ) II Tao , r tjsc^tjsc-i\ < +oo. Assume also that in its nonlinear 

profile decomposition (|3.15|) . every nonlinear profile Ulo has finite global Strichartz and 
l? x norms; that is 

(3-23) fellsTi(R) + ll^olli?°L|(K) < +00- 

Then u n is bounded for large n in the Strichartz and the H Sc norms, i.e. 

( 3 - 24 ) ^1™^ {\Wn\\sT(R) + \\Un\\LfLl(RxR d )) < +°°- 

Proof. We only need to verify the conditions of Lemma [2. 51 For this purpose, by (|3,13l) , 
we derive that ufjjl + ui 1 ^ satisfies that 

(id t + (V))(n<4 = -(V)^- 1 [/(«<* + w*) + eg(«J5 >W jS) 

where the error term eq{u^yUJ^ is 

^t>n) =E( V ) 1 ""(( V ) " Woo)^n) + [/(«$ + " /(«?„)) 

i<fc 



+ /«>>-Er^f) / 



j=0 



(V) 

(V) J oc 



First, by the definition of the nonlinear concentrating wave u 3 ^ and (|3.14j) . we have 



k-l 



(fZgj(o) + «?*(o)) - « n (o) l2 < J] ||^ n) (0) - 4(o)||^ -> o, 

* j=o 

as n — > +oo. This verifies the condition (|2.17|) by the Strichartz estimate. 
Next, by the linear profile decomposition in Lemma 13. 11 we get by (|3.7p 

fc-i fc-i 

(3.25) K(0)||£ a = IK(0)||£ 2 ^ ^ K(0)||i 2 +On(l) = E Hn)^)Wh + °n(l) ■ 

j=0 j=0 

Hence except for a finite set J C N, the H^ c x iI| c_1 -norm of ( u ( n )(0),u| n )(0)) with 
j J is smaller than the iteration threshold (the small data scattering, Theorem 12. ip . 
and so 

II«(„)IIST(K) £ ll^ (n) (0)||L2, J J. 

This together with (|3TIH]> . (f3~T9j) . (f3T23j) and (pT25j) yield that for any finite interval I 

S ^ P tI-^o ^ U fn)WsT(I) ~ E H n (n)ll5T(7) + E H u (n) lllr(R) 



(3.26) 
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This together with the Strichartz estimate for cj^ implies that 

sup lim +w*|| sr m < +00. 

By the similar argument as above, we obtain for large n 
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Hence we verify the conditions (|2.15p and ()2.16p . 

It remains to verify the condition (|2,18p . Using Lemma 13.11 and Lemma 13.21 we have 



and 



fe-1 

£ 

j=0 



(n) 



<fc^ II 

(n)/ 1 1 ST* (I) 



0. 



(V) 



/ 



(V) 

(v)i 



(n) 



ST* {I) 



as n — 7- +00. On the other hand, the linear part in eg (1/^,0;*) vanishes if h^o = 1> and 
from ()3.8p . we know that it is controlled if = by 



(V) 1 — «V>-|V|)^ B) 



<III ■ 

(^ S 2?2 ) 



L t °°(R;L2) 



(3.27) 



-►0, 



as n 



+00, 



by the continuity in t and Lebesgue domainted convergence theorem for bounded t, 
and by the scattering of U£o for t —> ±00, which follows from ||^oo|| 5T .j m\ < +00, and 
again Lebesgue domainted convergence theorem. 
Thus, || e #(^^)j w n) ||#t*(i) 0, as n ^ +00. 

Therefore, for k sufficiently close to K and n large enough, the true solution u n and 
the near solution + CJ* satisfy all the assumptions of the perturbation Lemma 12.51 
Thus, we conclude this Theorem. □ 



4. CONCENTRATION COMPACTNESS 

Using the profile decomposition in the previous section and the perturbation theory, 
we argue in this section that if the scattering result does not hold, then there must 
exist a minimal solution with some good compactness properties. 

Proposition 4.1. Suppose that E c < +00. Then there exists a global solution u c of 
(jl.ip satisfying 

(4.1) sup \\(u c ,u c )\\ HS jj^! = E c , and \\u c \\ S t(r) = +°°- 

Moreover, there exists x(t) : R — >• R d such that the set K = {(u c ,u c )(t, x — x(t)) | t € 
R + } is precompact in H Sc (R d ) x H Sc ~ 1 (R d ). 
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Proof. By the definition of E c , we can choose a sequence of solutions to (jl.ip : {u n (t) : I n x 
R -> R} such that 

(4.2) sup HOn^OH^x^-i -> -Ec, and ||u n || 5T(/n ) -4 +00, as n -4 +00. 

tel n 

By Lemma [3.1|, we have 

i=o 

j=0 



(4.3) 



[K(0)-^ n) (0)|| Li ^0, asn 



+00. 



Observing that 

(1) it follows from the definition of E c that every solution of (jl.ip with Lf{I\ x 
fTf. c_1 )-norm less than E c has global finite Strichartz norm. 

(2) Lemma r3.3l precludes that all the nonlinear profiles Uio have finite global Strichartz 
norm. 

and by (|3.7p . we derive that there is only one profile, i.e. K = 1, and so for large n 



(4.4) suplKu^j,^)!!^^.! = £ c , II^IIst^^) = +00, n hmJ|^|| L? o L 2 = 0. 

If /i° ->• 0, then fj^ = $t\V\~ Sc U^ solves the i7J c (R d )-critical wave equation 

duu — + \u\ 2 u = 

and satisfies 

*rV0M, _,, ^ II/VOII 2 ( rf + !) 



s u P (^00,^^00) WScyWSc -i = E c < +00, E/qJ .d-3 =+00, g 



te-r ^ xw m l?(/;B X) d_ 1 



But Bulut has shown that there is no such solution in [3[6]. Therefore, = 1. And 
so there exist a sequence (t n ,x n ) G R x M. d and G L 2 (R d ) such that along some 
subsequence, 

(4.5) 11^(0, x) - e~' ltn ^ (p(x - x n )\\ 2 ->■ 0, as n -> +00. 

a: 

Now we show that = $ft(V)~ Sc L^o is a global solution. If not, then there exist a 
sequence t n G R which approaches the maximal existence time. Noting that (U^(t + 
t n ) , dtU^t + t n )) satisfies (|4.2|) . and then by the same argument as (|4.5|) . we deduce 
that there exist another sequence (t' n ,x' n ) G R x R d and for some ip G L 2 so that 

(4.6) \\ul{t n ) - e~<^(x - x' n )\\ L2 -4 0, 

as n — > 00. We write v := e lt ^ip. From Strichartz estimate, we know that for any 
e > 0, there exist 5 > with / = [—5, 5] so that 

||<v>-M<-0|| OT (i)< 
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where r/o = v(d) is the threshold from the small data theory. This together with (|4.6p 
shows that for sufficiently large n 

\\(v)- s ^ v m° oo (t n )\\ sni) ^2 V0 . 

Hence, by the small data theory (Theorem 12. ip . we derive that the solution exists 
on [t n — 5,t n + 5] for large n, which contradicts with the choice of t n . Thus is a 
global solution and it is just the desired critical element u c . Moreover, since (jl.ip is 
symmetric in t, we may assume that 

( 4 -7) IK||,ST(0,+oo) = +oo. 

We call such u a forward critical element. 

Next we prove the precompactness of K. It is equivalent to show the precompactness 
of {u(t n )} in L 2 for any t±,t2, ■ ■ ■ > 0. It is easy to prove this by the continuity in t 
when t n converges. Thus, we can suppose that t n — > +oo. Applying the property of 
(|4,5p to the sequence of solution u{t + i n ), we get another sequence (t' n ,x' n ) £ W 1 and 
4> € L 2 such that 

(4.8) \\u(t n ,x) - e~ lt '"^(j)(x - x' n )\\ r2 ^ 0, n^oo. 

II II L/ x 

If t f n — >• — oo, then we obtain by triangle inequality 

|| (V)^e u ^u(t n ) || 5T(0iOo) mvy Sc e u W (u(t n ) - e~<W<P(x - x'n))\\sT(o,oo) 

+ | Kv) -.c e i(t-4)<v> 0(a ._ a: /j|| sr(OiOo) 

<\Wt n ,x) - e-« v >0(x - x' n )\\ Ll + ||(V)-^e^ v )0|| ST( _ t , >oo) 
-> 0. 

Thus, by the small data theory, we can solve n for t < t n with large n globally, which 
contradicts with its forward criticality. 
If t' n —7- +oo, then one has 

||(V)-- e ^>^ n )|| ST( _ oo>0) = ||<V>-e«^^|| OT( _ OOi ^ ) + O (l)->0. 

Hence, we can solve u for t < t n with large n with diminishing Strichartz norms. We 
give a contradiction since u = by taking the limit. 

Thus, t' n is bounded, which shows that {t' n } is precompact, so is u(t n ,x + x' n ) in L 2 , 
by (USD. □ 

As a direct consequence of the above proposition, we have 



Corollary 4.1. (Compactness) Let u be a forward critical element. Then, for any 
r] > 0, there exist x(t) : R + R d and C(rj) > such that 

(4.9) sup/ (\{V) Sc u\ 2 + \(V) Sc ~ 1 u\ 2 )dx ^n. 

We refer to the function x(t) as the spatial center function, and to C{rj) as the com- 
pactness modules function. 

We remark that the small data theory shows that the H^. c (M. d ) x H^, c ~ 1 (M. d ) norm of a 
blowup solution must remain bounded from below. The fact that this norm is nonlocal 
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in odd space dimensions reduces the efficacy of this statement. Our next lemma gives 
a lower bound in a more suitable norm, and also a mild control of x(t). 

Lemma 4.1. Let u be a nonlinear strong solution of as in Proposition ^. 1\ Then 

(1) ((Vt, x u,u) nontrivially) We have 

(4.10) inf / (\u\i + \Vtxu\i\dx > 1. 

tm+ J R d v / 

(2) (Control of x(t)) For some large constant C u , we have for any ti,t 2 € R + 

(4.11) |x(ti) - x(t 2 )\ < \h - t 2 \ + 2C U . 

Proof. The proof is similar to [21]. But we give a sketch for the sake of completeness. 
(1) It follows from the small data theory that 

( 4 - 12 ) ^ II^OlUx^c-! >1, 

otherwise u would have finite spacetime norm which contradicts with (|4.ip . 
On the other hand, it is easy to see that 

4(^L >0; 



1 tl x 

for any nonzero R 1+d - valued / 6 H^~ 1 (R d ). We note that 

(i) This ratio achieves a nonzero minimum on any compact set 
that does not contain the zero function; 

(ii) this ratio is invariant under translation; 

(Hi) f := (ut, (V)u) and the set K is precompact in H^. c (M. d ) x H!j, c 

Combining these facts with (|4.12p . we obtain that this ratio is bounded from below, 
and so (|4.10p follows. 

(2) Choose r] > to be a small constant below the H^(R d ) x H^, c ~ 1 (R d ) threshold 
for the small data theory. By Corollary 14. 1[ there is a constant C(ij) > such that 

where : R d ->■ [0, +oo), 



(4.14) 0(x) 



|xj ^ 1, 



Hence, by the small data theory, there is a global solution to (jl.ip whose Cauchy data 
at time t\ match the combination of (f> and u given in (|4.13|) . Moreover, from the small 
data theory, each critical Strichartz norm of this solution is controlled by a multiple of 
rj. It follows from domain of dependence arguments that this new solution agrees with 
the original u on the set 

Q(t):={x: \x - x(h)\ ^ \t - h\ + C(r])}, teR 
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and so by Sobolev embedding, 

II (it, VtxU)\\ d < 77, V t G E. 

In particular, taking t = t 2 , we get 

(4.15) / (\u(t 2 ,x)\? + \V t ,xu{t 2 ,x)\i)dx<r). 

J\x-x{ti)\>\tz-tx\+C(ri) V 7 

On the other hand, we have by Corollary 14.11 and Sobolev embedding, 

(4.16) / (\u(t 2 ,x)\i + \V t ,xu(t 2 ,x)\i)dx<r), 
J\x~x{t 2 )\>c(-n) v ' 

This together with (pTCD]) and (j4TT5j) yield that 

{x: \x -x(ti)K 1*2 -til + C"(r/)} n {x : \x - x{t 2 )\ ^ C{rj)} £ 0. 

This concludes the proof of (|4.1ip . □ 
The next corollary shows that the potential energy of the critical element must 
concentrate. 

Corollary 4.2 (Concentration of potential energy). Let u be a nonlinear strong solution 
°f ([1-ip such that the set K defined in Proposition \4-l\ is precompact in H Sc (M. d ) x 
H Sc ~ 1 (M. d ), and E(u,u) ^ 0. For every r > 0, there exists two positive numbers a(r,u) 
and /3(r, u) such that, for all time t, there holds that 

(4.17) [ + [ \u(s,x)\ A dxds sC /3, 



Moreover, combining this with Corollary \4-l\ and Sobolev embedding, we have for large 
C = C{u) and all t 

rt+l r 

(4.18) / / \u{s,x)\ 4 dxds > 1. 

it J\x-x(t)\^C 

Proof. The bound from above follows from Sobolev's inequality and sup \ \(u c , u c )\\ HScxHSc _ l 

teR 

E c < +oo. Suppose the bound from below is not true. Then there exist r > and a 
sequence tf. such that 

(4.19) / / \u{t + t k ,x - x(t k ))\ A dxdt = [ [ \u(t,x)\ A dxdt < \. 

JO JR d Jt k JR d » 

Using the precompactness of K, we can extract a subsequence and assume that 

(T x (t k )u(t k ),T x(tk) u t (t k )) -> (U ,U!) in H s x *(R d ) x H?- x (FL d ). 

Let U : I x ]R d — >■ M be the nonlinear strong solution of (jl.ip with initial data (f/o, f/i) 
at time t = 0. Then, £?(?7, 17) = E(u, u) / 0. By wellposedness and (|4.19|) . we get 

\U(t,x)\ 4 dxdt = 

[o,r]n/ JR d 

Hence, we have U(t) = for all t in (0,r) n /, hence Ut(t) = for all such t. Conse- 
quently, E(u, u) = 0. This is a contradiction. □ 
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5. Extinction of the critical element 

In this section, we prove that the critical solution constructed in Section 4 does not 
exist, thus ensuring that E c = +oo. This implies Theorem II. li 

Proposition 5.1. There are no solutions to (jl.ip in the sense of Proposition \J^T\ 



Proof. We argue by contradiction. Assume there exists a solution u : R + x R d — >• R such 
that the set K defined in Proposition l4.1l is precompact in H Sc (R d )xH Sc ~ 1 (R d ). We will 
show that this scenario is inconsistent with the following Morawetz inequality [4"ll23tl2"5] 

(5.1) / / Ht ^ )l4 dxdt<E( U ,u t ). 



\x\ 

On one hand, since the solution u has finite energy, the right-hand side in the 
Morawetz inequality is finite and so 

(5.2) ft \^)ldxdt<E(u,u t )<l, 

JO JM d \ x \ 

for any T > 0. On the other hand, we have concentration of potential energy by 
Corollary 14.21 That is, there exists C = C(u) such that 

r-io+l r 

\u(t, x)\ 4 dxdt > 1, 

'to J\x-x(t)\^C 

for any to £ Translating space so that x(0) = and employing finite speed of 
propagation in the sense (|4.1ip 

\x{t)-x(0)\ ^ \t\ + 2c u , 

we deduce that for T ^ 1, 

T r lw(t,x)| 4 , , . f T f \u(t,x)\ 4 , J 

V , dxdt > / / 1 V , dxdt 



JU d \ x \ JO J\x-x(t)\^C 

T dt 



> 







1 + t 
>log(l + T), 

which contradicts with (|5.2p by choosing T sufficiently large depending on u. Hence 
we complete the proof of this proposition. □ 



Acknowledgements The authors were supported by the NSF of China under grant 
No.11171033, 11231006. 

References 

[1] J. Bergh and J. Lofstrom, Interpolation spaces, An introduciton. Grundlehren der Mathematischen 
Wissenschaften, Springer- Verlag, Berlin-New York, 1976. 

[2] M. S. Birman and S. Z. Solomjak, On estimates on singular number of integral operators III, Vest. 
LSU Math. 2 (1975), 9-27. 

[3] P. Brenner, On space-time means and everywhere defined scattering operators for nonlinear Klein- 
Gordon equations, Math. Z. 186 (1984), 383-391. 

[4] P. Brenner, On scattering and everywhere defined scattering operators for nonlinear Klein-Gordon 
equtaons, J. Differential Equations 56 (1985), 310-344. 



SCATTERING THEORY FOR ENERGY-SUPERCRITICAL KLEIN-GORDON EQUATION 23 



[5] A. Bulut, Global well-posedness and scattering for the defocusing energy-supercritical cubic non- 
linear wave equation. J. Func. Anal. 263 (2012), 1609-1660. MR2948225. 
[6] A. Bulut, The radial defocusing energy-supercritical cubic nonlinear wave equation in R 1+5 . 

Preprint, arXiv: 1104.2002. 
[7] A. Bulut, The defocusing energy-supercritical cubic nonlinear wave equation in dimension five. 

Preprint larXiv:1112.0629l 
[8] M. Christ and M. Weinstein, Dispersion of small amplitude solutions of the generalized Korteweg- 

de Vries equation. J. Funct. Anal. 100 (1991), 87-109. MR1124294. 
[9] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao, Global well-posedness and scattering 
for the energy-cirtical nonlinear Schrodinger equation in M 3 . Annals of Math. 167 (2008), 767-865. 
[10] T. Duyckaerts, C.Kenig and F. Merle, Scattering for radial, bounded solutions of focusing super- 
critical wave equations. arXiv: 1208.2158vl. 
[11] T. Duyckaerts, C.Kenig and F. Merle, Universality of blow-up profile for small radial type II blow- 
up solutions of the energy-critical wave equation. J. Eur. Math. Soc, 13 (2011), 533-599. 
[12] J. Ginibre and G. Velo, Time decay of finite energy solutions of the nonlinear Klein-Gordon and 

Schrodinger equations, Ann. Inst. H. Poincare Phys. Theor. 43 (1985), 399-442. 
[13] J. Ginibre and G. Velo, Generalized Strichartz inequalities for the wave equation, J. Funct. Anal., 
133 (1995), 50-68. 

[14] S. Ibrahim, N. Masmoudi and K. Nakanishi, Scattering threshold for the focusing nonlinear Klein- 
Gordon equation, Analysis and PDE., 4 (2011), 405-460. 

[15] S. Ibrahim, N. Masmoudi and K. Nakanishi, Threshold solutions in the case of mass-shift for the 
critical Klein-Gordon equation, To appear in Tran. Amer. Math. Soc. larXiv:1 110.1709vl. 

[16] M. Keel and T. Tao, Endpoint Strichartz estimates. Amer. J. Math. 120 (1998), 955-980. 

[17] C. Kenig and F. Merle, Global well-posedness, scattering, and blow-up for the energy-critical 
focusing nonlinear Schrodinger equation in the radial case, Invent. Math., 166 (2006), 645-675. 

[18] C. Kenig and F. Merle, Nondispersive radial solutions to energy supercritical nonlinaer wave 
equations, with applications. Amer. J. Math., 133 (2011), 1029-1065. 

[19] C. Kenig and F. Merle, Radial solutions to energy supercritical wave equations in odd dimensions. 
Disc. Cont. Dyn. Sys. A, 4 (2011) 1365-1381. 

[20] R. Killip and M. Visan, Energy-supercritical NLS: critical ff s -bounds imply scattering. Comm. 
Partial Differential Equations 35 (2010), 945-987. MR2753625. 

[21] R. Killip and M. Visan, The defocusing energy-supercritical nonlinear wave equation in three space 
dimensions, Trans. Amer. Math. Soc, 363 (2011), 3893-3934. 

[22] R. Killip and M. Visan, The radial defocusing energy-supercritical nonlinear wave equation in all 
space dimensions. Proc. Amer. Math. Soc, 139 (2011), 1805-1817. 

[23] C. Miao, Modern methods to the nonlinear wave equations, Lectures in Contemporary Mathemat- 
ics, Vol.2, Science Press, Beijing, 2010. 

[24] C. Miao, B. Zhang and D. Fang, Global well-posedness for the Klein-Gordon equations below the 
energy norm, Journal of Partial Differential Equations, 17 (2004), 97-121. 

[25] C. Morawetz and W. A. Strauss, Decay and scattering of solutions of a nonlinear relativistic wave 
equation, Comm. Pure Appl. Math., 25 (1972), 1-31. 

[26] K. Nakanishi, Scattering theory for nonlinear Klein-Gordon equation with Sobolev critical power, 
Internat. Math. Res. Notices, 1 (1999), 31-60. 

[27] K. Nakanishi, Remarks on the energy scattering for nonlinear Klein-Gordon and Schroinger equa- 
tions. Tohoku Math. J., II. 53 (2001), 285-303. 

[28] M. Taylor. Tools for PDE, Mathematical Surveys and Monographs, vol. 81, Pseudodifferential oper- 
ators, paradifferential operators, and layer potentials, American Mathematical Society, Providence, 
RI, 2000. MR1766415 (2001g:35004) 



21 



CHANGXING MIAO AND JIQIANG ZHENG 



Institute of Applied Physics and Computational Mathematics, P. O. Box 8009, Beijing, 
China, 100088; 

E-mail address: miao_changxing@iapcm.ac.cn 

The Graduate School of China Academy of Engineering Physics, P. O. Box 2101, Bei- 
jing, China, 100088 

E-mail address: zhengjiqiang@gmail.com 



